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Introduction: Einstein’s Theory of General Relativity predicts that masses in motion generate waves that travel through space-time at the speed of light. The flux of such waves from a system itself generates a change in the gravitational field which propagates like a wave. This “wave of a gravitational wave” is referred to as the Christodoulou Memory. We will investigate whether LISA will be able to detect this interesting second-order wave.

Background: Laser Interferometer Space Antenna (LISA) will be the first dedicated space-based gravitational wave observatory which will use advanced laser interferometry to measure gravitational waves. It can detect variations in its own spatial dimensions of 5 X 10-14 m, only 5 times the diameter of a nucleus. It will be able to detect very low-frequency band waves; from 0.1 to 100 mHz. LISA’s quest includes observation of binary systems of black holes, neutron stars, and white dwarves in our Milky Way galaxy, observation of binary systems involving super-massive black holes (SMBH) in distant galaxies, the search for gravitational wave emission from the Big Bang period, and testing Einstein's relativity theories. [3]

The Research Project: Laser Interferometer Gravitational-Wave Observatory (LIGO) is unable to detect the Christodoulou Memory since the frequency range of the possible incoming signal is too low for it to detect. Moreover, the ground-based LIGO is subject to various noise disturbances from its surroundings, including seismic noises. It has been proposed that LISA, being space-based, might be able to detect the Christodoulou Memory of gravitational waves. [2] Our subject of interest is any binary system consisting of a solar-mass sized stellar body spiralling into a super-massive black hole (SMBH) of 106 solar mass. The binary system is initially considered to be at a distance of 200 Mpc from the Earth.

The goal of our project is to improve the old LIGO-oriented code developed by Dr. Daniel Kennefick to make it suitable for LISA. We will devote our time into changing the lines representing the LIGO noise curve to the LISA noise curve, and then to choose a signal which will be relevant to LISA rather than LIGO.

It is noteworthy that two former REU scholars, Ms. Olga Petrova and Mr. Gary Stange, also worked on a similar project last year under the guidance of Dr. Kennefick. Ms. Petrova developed her own form of the code, while Mr. Stange did some analytic work on LISA.
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Computer Modelling: The estimated time taken for a binary system to coalesce (inspiral time) from an orbital radius α to a common centre is given by:

where µ = m1m2/(m1+m2) is the reduced mass and M = m1+m2 is the total mass of the binary system. The cut-off time, when the binary stops emitting gravitational waves and the Christodoulou Memory stops growing, is when α becomes half the Schwarzschild radius of the spinning SMBH. [2]  

The mathematical form of the Christodoulou Memory is then given by Thorne’s equation: 
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where r is the effective distance between Earth and the binary system (200 Mpc), and  is the angle of orientation of the system as seen by the observer. [2]

Due to the large difference in masses, µ is approximately equal to 1 solar mass, MΘ. To optimise the possibility of detecting any incoming signal,  is considered to be 90 degrees. Thus, the final form of the memory is:
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                                                                                 [2]
Programmed using FORTRAN 77, the old LIGO code produced a graph of h(t) against t which was consistent with the theoretical prediction. However, constant values were used for time step-size (ti), total time interval (T), M, µ, α and r. In our new code, we introduced them as variables which gave us the freedom of changing the values of the variables whenever needed. Also, geometrised units (G = c = 1) were used in the earlier code. This time we plugged in actual values of G and c.    

We plotted h(t) versus t to check whether the changes produced a similar graph or not. We found the graph to be exactly similar to the previous one:
  [image: image13.wmf](f)

S

(f)

h

=

(f)

k

h

~

~


       Fig.1 Memory function h(t) against time
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In Fig. 1, positive time indicates time before coalescence. As the stellar object gradually draws near to the SMBH, more and more energy is released resulting in the gradual increase in the memory function. The effect is dramatic near the final coalescence of the two bodies during which there is a significant rise in the value of h(t). At time t=0, the system has a common centre, and the memory function has reached its maximum possible value. While dealing with such low-frequency waves, a significant amount of noise disturbance is encountered from the surrounding sources. In order to tackle this problem, we need to use a filter function, k(t), which would let through a signal while filtering out as much noise as possible. For this purpose, we used the Weiner Optimal Filter, which is a function of the form:
                                                                                  [2]


[image: image2.wmf](f)

h

~

 is obtained by carrying out Fast Fourier Transform (FFT) on h(t), and the noise spectrum 
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Once we find out 
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, Inverse FFT gives us our desired filter function, k(t).

[image: image11.wmf]ò

¥

¥

-

+

=

÷

ø

ö

ç

è

æ

dt

t

h

t

k

F

N

S

)

(

)

(

2

2

2

The signal-to-noise ratio (S/N) determines whether the signal can be detected by LISA. It is given by:

                                                                          [2]
F+ ≤ 1 is the quadropolar antenna beam pattern function which indicates the orientation of the detector to the incoming wave, the best orientation being either directly above or directly below the detector (F+ = 1). [2]

Discrepancy in choosing the formula for time: After making all the necessary adjustments to the code, we noticed that there was some form of discontinuity in the graph for the filter function, k(t), at around t = 0. After several attempts, we realized that the introduction of a new formula for the inspiral time could solve the problem. This new formula assumes the gravitational wave signal will cease when there is one orbit left to make before the two bodies merge. This new formula for inspiral time is:
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where Mc=µ3/5M2/5 is the chirp mass of the binary system. [2] The introduction of this formula yields the following graph for the filter function:
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              Fig. 2 Filter function k(t) against time

The above graph shows a typical filter function that we expect to see from LISA. Most of the noise is filtered out and the large value of the filter function near the final coalescence indicates the high possibility of detecting Christodoulou Memory by LISA, since the signal is the greatest at that time.
Ongoing and Future Work: The foremost job in hand is to overcome problems associated with the large cut-off time. For the code to be accurate, time step-size, ti, must be small, but total time, T, must be fairly large. This is because the total time of the signal determines the step-size in the frequency domain (the larger the value of T, the smaller the frequency step-size which is suitable for LISA’s low frequency detection range). But if one has to have a large value of T in addition to a small value of ti, then one must increase the calculation load by increasing the number of data points, nn. The interdependence of these values on each other makes situation a little tricky, and we are currently working on optimising these values to make the code work better. Once that part is covered, we would like to put different values for µ, M and r to test various different binary systems situated at varying distances from Earth. Some results from the current running code are given below:  

	M / MΘ
	µ / MΘ
	r / pc
	S/N

	106
	1
	200M
	1.018

	108
	1
	500M
	2.095

	20
	5
	1G
	1.989


An S/N value of 3 or more indicates a very high possibility for LISA to detect some reasonable signal [2].
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